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Adaptive Procedures to Reduce False Positives

Standard linear regression model (LRM): y = X3 + ¢,
where y = (y4,...,yn)T are responses, X = (X1 - -- X5)7 is the design matrix, and
€ =(eq,...,€en)T are the random error components.

Adaptive LASSO (Zou, 2006)

n B ‘
B:argmﬁin{lZ(yi_xl?'ﬁ)2+>\nZ ~|5/| }

e = 1By initl

Advantages: Variable Selection Consistency; Reduced bias & false discovery.

N

@ Zou (2006) proved its oracle property for the low-dimensional cases with fixed p.
@ Huang et al. (2008) derived its oracle consistency for high-dimensional set-ups (p > n).

Main Result (Huang et al., 2008)

Under suitable assumptions under high-dimensional set-up p > n, if the initial estimator ﬁ,-,,,-, used
is rp-consistent, then the adaptive LASSO estimate 3 satisfies the following properties:

° P(sign(ﬁ) = sign(ﬁo)) — 1.

o If rpAn=1/2 — 0, then for any u € RS with uTu < 1, uT(B — Bg) 3N (0, o?uT(XTXs) ™! u) .
y
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Adaptive Penalty as An Approximation for Non-concave Penalties

A More General Adaptive LASSO

ﬁ = arg mﬁin { Z(y, — XTﬁ)z 4+ \n

Z w(|Bj,init))|3;

j=1

} ,  wis aweight function!

|

Approximation for Non-cocave Penlaty

Pan(181) = Pan (1B1) + P4, (1B (181 = 1B)])-

@)

Q

argmln{

Z(y, B I PN }

Jj=1

arg min

Z(y, -x]B)? + Zpkn(w, ,n,r|)|/3,|}

Jj=1
It is the general Adaptive Lasso estimator with w = Ain p’An.
Y
. (a)\n S)+
For SCAD: w(s) = PA,,(S) =1I(s< )+ ﬁl(s > Ap), a>2.
I‘I
Y
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M-estimators with Adaptive Lasso Penalty

Standard linear regression model (LRM): y = X3 + ¢,
where y = (y4,...,¥n)T are responses, X = (X1 - -- X5)7 is the design matrix, and
€ =(eq,...,€en)T are the random error components.

Adaptively Penalized M-estimators

~ 1 & L -
B = argmin { PSR HORRYDY w(|,6,,;nft|)|ﬁ,}
i=1

j=1

@ Fanetal. (2014): p(r) = r{r — I(r < 0)}. [Quantile loss]

@ Lambert-Lacroix and Zwald (2011, 2016): p(r) = §1(|r| < k) + k(|r| — k/2)I(|r| > k).
[Huber loss]

@ Zheng et al. (2017): p(r) = ar? + (1 — a)|r| with « € [0, 1]! (Adaptive LAD-LASSO?)

@ Smucler and Yohai (2017): p as the MM-regression loss function!

3
@ Chang et al. (2018): py(r) = £ {1 -(1- g) } I(r] < k) + K 1(1r| > k).

[Tukey’s biweight loss]
@ Avella-Media and Ronchetti (2018): p as the Quasi-likelihood for GLM!
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Robust Adaptive LASSO with DPD-based Loss

Standard linear regression model (LRM): y = X3 + ¢,
where y = (yy,...,yn)T are responses, X = (X1 - -- X5)7 is the design matrix,

We assume the random error components are IID with ¢; ~ %f (=)
where f is any univariate density with mean 0 and variance 1, such that Mfo‘) = [f(e)'*ode < oo.
y

The DPD-based loss functon (Ghosh and Majumdar, 2020)

o 1 o 1 1 & i — xt 1
L(e.0) = M) - S S e (y' 'ﬁ> ta

a ho® 4 o
i=1

Adaptively Weighted DPD-LASSO (Ghosh et al., 2020)

P
AW-DPD-LASSO estimator : (B, a) = arg min {LE,“)(B, BERYDD w(|§,-,,-n,-,)|5,-|}
o
: =

Y

@ DPD-LASSO: w(u) = 1 for all u.
o Ad-DPD-LASSO: w(u) = ﬁl(u #£0).
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Computational Algorithm

P
(,6,&‘) = arg (rgin) Lﬁ,a)(ﬁ,cr) + An Z w(|Bj,init])|5; ¢ with normal errors.
o
: =
Main idea: Update 3 and o sequentially!

Update B using Majorization technique (MM-algorithm)

i=1

om0 e )]

Update o using gradient descent

A C— } s B
S20k1) _ [ZM (e i o= aw {—“ (Y' = )) }
i " :

[Zl il W(K) (y Tﬂ(k+1))2] ,

n s 2 p .
BV = argmin [Zuﬁ“ <y3(—f,ﬂ) +A2w<|ﬁ,-|)|ﬁ,-|] 1)
=1

with

log log(n) log p

Selection of ): Minimize robust High-dimensional BIC, RobHBIC()\) = log(5%) + -

1Bllo-

4
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Statistical Functional for AW-DPD-LASSO

AW-DPD-LASSO Functional

P
— B T\ = ar i * o n .
Ta(G) = (T2, 72) = arg min {/La((y, X); 0)dG(y, X) + A l;‘w(ummm}
where
LE((y. x); 0) = ;—QM,(Q) 1t :O‘Ulafa <y _:Tﬂ> + i
y
)
N L (140a) | 1 (L) x
Val(y, X);0) = VLL((y,%);6) = - [ wzya((ygr,)) : (2)
where M(®) = [ f'+e and
Ura(s) = u(s)f(s),
Yaals) = {su(s)+ 1} (s) — oM. )
“ v
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Robustness: Influence Function of AW-DPD-LASSO

Theorem

Let us denote 84 = (ﬂfg, 0;_3, og)" =

whenever the associated quantities exists, the lnfluence function of T,f o, is identically zero at G

and that of ( T/

TF((ye, x¢), (T

where

= (w(]ui(

and

Sa(G;/BaU) = -

1C¥7 Oé

1a’0t

7) at G is given by

:):G) =

G)|) sign(ﬁ/))j:1

(+a)
gat2

_s1

To(G) = (T} (G), T, (G)T, TZ(G))T. Then,

_xI' 39
o)y, (” 8% X1+ AP (8, U(G))
. AP (8, U(G)TF (11, x1), Ur. G)
(1+a) (yr—XLﬁg)
@0yt Y2 \ "o

s P (B,u) = Diag {w'(|yj(G)|)sign(U;(G)B)) : j=1,. ..

J11,a(
Ji2,a ( ; '

X1X1
G

Jiz,a (y_:,{Tﬁ) X1
dao (B52) |
y
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Example: IF of Ad-DPD-LASSO with Normal Error

Let us denote 85 = (8];,0]_s,09)" = Ta(G) = (T{ (&), TS ,(G)T, TZ(G))". Then,

whenever the associated quantities exists, then we have

=1 ,‘*(yl—"rTﬁ)z
TF((yr; Xt), T’ia: Fis,0)) = —o(a+1)%/2 [EH <X1X1T)] [(y, - xtTﬁ) e 202 Xy

Ag2at3 (271.)04/2

(4 +a) (P5(B) + P5*(B)ZF((y1, Xt), U17F(5,U)))} )

I]:((.ytvxf)z Tg,oﬂ F(B,o')) = 07

2 T3)2
o e o1+ a)5/? ye—x[B _olxie) o
I]:((yt,){[),TO”Fg)—2_'_70[2 1-— T e 20 = (1 +O{)1/2 )

where

P5(8) = (181718 7") . P3*(8) = diag{B;%, .., B2}

As a | 0, Ad-DPD-LASSO coincides with the usual adaptive LASSO and hence the above results
also provide its influence function (unbounded) — new in the literature of adaptive LASSO! J
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Oracle Consistency: Fixed Non-stochastic Weights

Assume that the design matrix X is fixed with each column being standardized to have ¢;-norm /n and the
response is also standardized so that o2 = 1. Define 6, = /s(log n)/n + An||Wo|2- J

Theorem (Ghosh et al., 2020)

If Assumptions (A1)—(A4) hold and \n||wo||2v/Skn — 0, then, given any constant Cy > 0, there
exists some ¢ > 0 such that any oracle AW-DPD-LASSO estimator 8 = ( (,@?)T, 07)7 satisfies

(-l <) 2 1-

Further, if 5! ,min_|Bjo| — oo, then sign(3;) = sign(B,)-
<j<s

Theorem (Ghosh et al., 2020)
Suppose that Assumptions (A1)—(A5) hold with A\n > 2+/(c + 1) log p/n, min(|w1]) > c3, and

Anl[Woll2rn max{V/s, [[Woll2} — 0,  8ns>/2r5(logp )? = o(nX3).

~ ~ ~T\T
Then, with probability at least 1 — O(n—°%), there exists a global minimizer 3 = ((ﬁf)T, ﬁZT ) of
the AW-DPD-LASSO objective function such that

BY —Buol| < Cidn, and B, =0ps.
2
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List of Assumptions

Given Standarized variables with o2 = 1:

p
AW-DPD-LASSO estimator : 3 = arg min {L(n“)(ﬁ) + 20 > W18 int ) ﬁ,-|}
j=1
() 1¢ T . () THa,, 1
where L,"(B8) = sza(yi_xi B), with pa(r) =M™ — f(r) +
i=1

o «

Define: HY(8) = (o (yi—xTB) :i=1,...,n)T, HP(8) = Diag{p/(yi—x]B) : i = 1,0} )

(A1) The error density f is such that f* is Lipschitz with the Lipschitz constant L.

(A2) The eigenvalues of n—' (X 17' X1) are bounded below and above by positive constants ¢, and
¢, ', respectively. Also rn == max; |x;| = o(n'/2s~7).

(A3) The diagonal elements of E[Hff)(ﬁo)] are all finite and bounded from below by ¢; > 0.

(A4) Expectation of third order partial derivatives of pa (y; — x,.T,@), i=1,...,n, with respect to all
components of 35, are uniformly bounded in a neighborhood of 3+,.

—1(xT (2) An min(|w4|) c _ [1AX|| oo
(A5) [|n=" (XTE[HE (ﬁo)]X1)H2m< 2y 107G > 0 MAlloo = sup A=
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Oracle Consistency: Stochastic Weights

(A7) The initial estimator 3 satisfies HEJ — Boll2 < Ca+/s(log p)/n, with probability — 1.

(A8) The weight function w(-) is non-increasing over (0, co) and is Lipschitz continuous with
Lipschitz constant ¢s > 0. Further, w(Cz+/s(log p)/n) > %W(O—l—) for large enough n.

Define: &5 = [v/s(log n)/n+ An (||W6‘||2 + Czcsx/s(logp)/n) ], where w* = (w(|Boj]))j=1.... p-

4

Theorem (Ghosh et al., 2020)

Suppose that the assumptions of the previous theorem hold with w = w* and 6, = §},.
Additionally, if Assumptions (A7)-(A8) hold with \nskn+/(log p)/n — 0 then, with probability

tending to one, there exists a global minimizer 3 = (BI , ﬁ; )T of the AW-DPD-LASSO objective
function with adaptive weights, such that

HB1*,310H2SC15;, and B, =0ps.

y
o For SCAD-based weight, (A8) holds if An > (24 Coy/ <62
@ The weight for Ad-DPD-LASSO is not Lipschitz around zero but is so locally on (¢, co) for
any ¢ > 0.
)
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Asymptotic Normality of AW-DPD-LASSO

(AB) ZnQ2nZy is positive definite, An||Wo||2 = O(y/s/n), and \/n/s1r<n_i2S |Bjo| — oo.
<j<

(A9) min_|Boj| > 2C2+/s(logp)/nand w'(|b]) = o(s~" Ay (nlogp)~'/2) for b] > 3 min |Gl
SISS hYAS

Theorem (Ghosh et al., 2020)

Suppose that the assumptions of the previous theorems hold along with Assumption (A6) or (A9)
according to the weights being fixed or stochastic. Then, with probability tending to one, there

exists a global minimizer B = (3}, B,)" of the AW-DPD-LASSO objective function such that

Bo=0p s, and u'[Z]Q,Z, "2V, [(B? - 51(,) + nA,,V%vT/B] 5 N(0,1),

for any arbitrary u € RS satisfying u™u = 1, where wo = (w;sign(Bj) : j € S), and

Vo = [X]EIHD (Bo)IX1] V%, Zn=X1Vn, Qo= Var [HD(8o)] .

For SCAD-based weight, (A9) holds if 1r<n_i2 |Boj| > 2aXn, (may choose Aj to let bias — 0). J
<j<s
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Corollary: Properties of DPD-LASSO

Corollary

Suppose that Assumption (A1)-(A4) hold true. Then, for a given constant C; > 0, we have the
following results for the DPD-LASSO estimator with regularization parameter A\, = O(n~1/2).

a) There exists some ¢ > 0 such that, with probability at least 1 — n=¢, the corresponding
oracle estimator Bf satisfies

’B?*ﬂszﬁa [\/W+>‘n\/§]~ (6)

b) If \/s(logn)/n=o (1 ?jigs |,6’j0\) , then sign(37) = sign(3;,).

c) If Assumption (A5) holds with A, > 2,/(c + 1) log p/n and n'/2(log, n)%/2 = O(log p), then,
with probability at least 1 — O(n—5), there exists a global minimizer 3 = ((85)7, B2 )7 of the
DPD-LASSO objective function such that 3] satisfies (6) and B, = 0p_s.

d) In addition to the assumptions of item (c), if \/n/smini<j<s[Bjo| — oo and ZpQpZ, is

positive definite, then the DPD-LASSO estimator EJ? obtained in item (c) further satisfies the
asymptotic normality result, but the associated bias n\,V,wg is non-diminishing.
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Empirical lllustration of AW-DPD-LASSO: Results for Y-outliers

Table: p = 1000, n = 100, s = 9 (sparsely distributed)

Method MS(B) TP(B) TN(B) | MSES(B)  MSEN(B) EE(5) | APrB(B)

(10-2) (1075 (1073 | (107?)
LS-LASSO 7.85 0.46 1.00 332.57 56.63 923.77 53.67
Ad-LS-LASSO 5.24 0.42 1.00 282.04 196.13 728.11 46.04
LS-SCAD 26.32 0.63 0.98 253.30 396.77 526.46 44.85
LS-MCP 11.40 0.52 0.99 256.43 316.72 584.97 44.96
LAD-LASSO 25.93 0.85 0.98 144.66 226.31 315.34 36.80
RLARS 20.25 0.79 0.99 90.67 320.57 144.45 26.38
sLTS 51.28 0.93 0.96 83.66 131.04 7.52 22.84
DPD-LASSO a = 0.1 8.50 0.74 1.00 65.91 1475.56 348.96 38.15
DPD-LASSO o = 0.3 6.94 0.62 1.00 80.41 1681.17 381.90 39.62
DPD-LASSO o = 0.5 12.22 0.88 1.00 27.28 618.61 130.50 20.97
DPD-LASSO a = 0.7 23.58 0.61 0.98 92.40 1643.77 30.59 36.54
DPD-LASSO a =1 14.03 0.53 0.99 105.81 2131.45 215.98 47.96
DPD-ncv o« = 0.1 9.10 0.91 1.00 23.00 425.28 127.54 16.34
DPD-ncv o = 0.3 9.34 0.98 1.00 4.78 118.05 19.60 6.88
DPD-ncv o = 0.5 9.12 0.98 1.00 4.65 110.96 13.06 6.67
DPD-ncv o = 0.7 9.21 0.98 1.00 4.47 101.86 10.88 6.64
DPD-ncv a =1 9.22 0.99 1.00 4.49 100.00 10.20 6.62
Ad-DPD-LASSO « = 0.1 18.71 0.81 0.99 81.49 835.39 130.08 22.43
Ad-DPD-LASSO a = 0.3 10.92 0.99 1.00 6.21 27.67 10.02 6.14
Ad-DPD-LASSO o = 0.5 9.98 0.99 1.00 5.81 24.30 5.94 5.50
Ad-DPD-LASSO o = 0.7 9.48 0.99 1.00 3.87 11.31 7.30 5.11
Ad-DPD-LASSO o =1 9.96 0.97 1.00 15.38 48.27 8.59 6.66
AW-DPD-LASSO « = 0.1 12.98 0.80 0.99 92.47 567.77 169.98 23.06
AW-DPD-LASSO o = 0.3 10.84 0.99 1.00 6.36 31.77 9.71 5.91
AW-DPD-LASSO a = 0.5 12.72 0.99 1.00 3.84 15.54 7.87 4.91
AW-DPD-LASSO o = 0.7 10.80 0.99 1.00 3.69 13.75 8.37 5.14
AW-DPD-LASSO o = 1 11.51 0.96 1.00 17.81 57.74 8.38 8.38
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Empirical lllustration of AW-DPD-LASSO: Results for X-outliers

Table: p = 1000, n = 100, s = 9 (sparsely distributed)

Method MS(B) TP(B) TN(B) MSES(3) MSEN(B) EE(5) APrB(B)

(10-2) (1075 (1073 | (1073
LS-LASSO 7.85 0.46 1.00 332.57 56.63 923.77 53.67
Ad-LS-LASSO 9.00 1.00 1.00 1.52 0.00 31.56 4.85
LS-SCAD 26.32 0.63 0.98 253.30 396.77 526.46 44.85
LS-MCP 11.40 0.52 0.99 256.43 316.72 584.97 44.96
LAD-LASSO 25.93 0.85 0.98 144.66 226.31 315.34 36.80
RLARS 20.25 0.79 0.99 90.67 320.57 144.45 26.38
sLTS 51.28 0.93 0.96 83.66 131.04 7.52 22.84
DPD-LASSO o = 0.1 10.33 1.00 1.00 4.58 114.30 58.74 10.80
DPD-LASSO o = 0.3 8.71 0.90 1.00 27.94 700.75 211.92 26.32
DPD-LASSO o = 0.5 13.08 0.99 1.00 3.14 96.10 35.47 9.83
DPD-LASSO o = 0.7 21.04 0.79 0.99 56.38 945.35 31.38 2417
DPD-LASSO a =1 14.30 0.69 0.99 73.45 1515.09 164.59 37.40
DPD-ncv o = 0.1 9.00 1.00 1.00 0.14 2.64 5.58 3.88
DPD-ncv o = 0.3 9.00 1.00 1.00 0.17 3.09 10.29 3.89
DPD-ncv o = 0.5 9.00 1.00 1.00 0.19 3.38 13.85 3.94
DPD-ncv o = 0.7 9.00 1.00 1.00 0.23 3.81 16.61 3.99
DPD-ncv o =1 9.01 1.00 1.00 0.28 414 19.80 4.10
Ad-DPD-LASSO o = 0.1 11.20 1.00 1.00 0.50 2.62 5.91 4.20
Ad-DPD-LASSO o = 0.3 9.10 1.00 1.00 0.64 0.04 3.04 4.15
Ad-DPD-LASSO o = 0.5 9.58 1.00 1.00 0.66 0.45 4.65 413
Ad-DPD-LASSO o = 0.7 9.16 1.00 1.00 0.79 0.11 5.30 417
Ad-DPD-LASSO o =1 9.18 1.00 1.00 1.06 0.39 8.68 4.02
AW-DPD-LASSO « = 0.1 10.68 1.00 1.00 0.34 0.28 3.92 3.58
AW-DPD-LASSO a = 0.3 9.42 1.00 1.00 0.36 0.00 3.88 3.76
AW-DPD-LASSO o = 0.5 10.70 1.00 1.00 0.43 0.30 5.46 3.80
AW-DPD-LASSO o = 0.7 9.80 1.00 1.00 0.50 0.20 6.67 3.94
AW-DPD-LASSO o =1 9.58 1.00 1.00 0.67 0.09 9.56 4.02
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Empirical lllustration of AW-DPD-LASSO: Results for No Outliers

Table: p = 1000, n = 100, s = 9 (sparsely distributed)

Method MS(B) TP(B) TN(B) MSES(3) MSEN(B) EE(5) APrB(B)

(10-2) (1075 (1073 | (1073
LS-LASSO 21.27 1.00 0.99 2.52 1.52 34.91 6.31
Ad-LS-LASSO 9.00 1.00 1.00 1.49 0.00 31.30 5.16
LS-SCAD 9.03 1.00 1.00 0.36 0.00 19.62 4.23
LS-MCP 9.04 1.00 1.00 0.36 0.00 19.60 4.22
LAD-LASSO 16.70 1.00 0.99 7.55 2.63 53.97 9.17
RLARS 12.70 1.00 1.00 0.48 2.82 7.65 4.49
sLTS 61.80 0.79 0.94 219.62 300.30 6.79 46.08
DPD-LASSO o = 0.1 10.37 1.00 1.00 4.59 114.54 58.75 11.10
DPD-LASSO o = 0.3 8.73 0.90 1.00 27.95 701.22 211.92 25.86
DPD-LASSO o = 0.5 13.13 0.99 1.00 3.13 95.99 35.29 10.61
DPD-LASSO o = 0.7 22.12 0.73 0.98 70.05 1201.08 25.81 29.53
DPD-LASSO a =1 14.40 0.69 0.99 73.96 1500.41 163.41 37.38
DPD-ncv « = 0.1 9.00 1.00 1.00 0.14 2.64 5.58 4.20
DPD-ncv o = 0.3 9.00 1.00 1.00 0.17 3.08 10.28 4.21
DPD-ncv o = 0.5 9.00 1.00 1.00 0.19 3.36 13.86 4.23
DPD-ncv o = 0.7 9.00 1.00 1.00 0.23 3.82 16.63 4.25
DPD-ncv o =1 9.01 1.00 1.00 0.26 412 19.82 4.31
Ad-DPD-LASSO « = 0.1 11.34 1.00 1.00 0.49 2.79 6.18 4.24
Ad-DPD-LASSO o = 0.3 9.10 1.00 1.00 0.64 0.04 3.04 4.33
Ad-DPD-LASSO o = 0.5 9.58 1.00 1.00 0.66 0.45 4.65 4.39
Ad-DPD-LASSO o = 0.7 9.16 1.00 1.00 0.79 0.11 5.29 4.31
Ad-DPD-LASSO o =1 9.18 1.00 1.00 1.06 0.38 8.68 4.36
AW-DPD-LASSO « = 0.1 10.68 1.00 1.00 0.34 0.28 3.92 3.78
AW-DPD-LASSO a = 0.3 9.62 1.00 1.00 0.36 0.00 3.93 3.92
AW-DPD-LASSO o = 0.5 10.70 1.00 1.00 0.43 0.30 5.46 4.00
AW-DPD-LASSO o = 0.7 9.82 1.00 1.00 0.50 0.20 6.68 4.04
AW-DPD-LASSO o =1 9.60 1.00 1.00 0.66 0.09 9.56 3.99
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Variable Screening for Extremely High-dimensional Data
Standard linear regression model (LRM): y = X3 + ¢,
Simultaneous estimation and variable selection often fail (computationally) if p >> n

Sure Independence Screnning (SIS) of variables (Fan and Lv, 2008)

@ Reduce model size (p) by an initial variable screening; then apply regularized procedure!
@ Rank the covariates by their absolute correlation values with response and select top d!

@ Sure Screening property: Selected covariate list contains all truly important variable,
asymptotically with probability tending to one.

-

.

Alternative Formulation: Marginal Regression Approach
@ Given j-th covariate Xj, we consider the j-th marginal model y; = v; + B;xj + ¢,
where the ¢js are IID for i = 1,.. ., n, each having distribution N(O, a?).
e Estimate 6, = (v}, 5}, 07)T by usual MLE or OLS based methods, say, (3}, 3, 7).

@ If all covariates are standardized, ranking them in order of (absolute) correlation with the
response is equivalent to ordering the absolute value of estimated marginal slopes |3;|.

.

SIS for GLM (Fan and Song, 2010)

The marginal approach can directly be extended for GLM ranking covaraites it terms of the
absolute value of the MLE of their marginal slopes (Sure Screening property holds).

g
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Robust Screening Procedures for Linear Regression Model

Standard linear regression model (LRM): y = X3 + e,

Usual SIS is extremely Non-robust under data contamination! J

Approches using Robust Correlation Measures I

@ GK-SIS (Gather and Guddat, 2008): A robust correlation measure proposed by
Gnanadesikan and Kettenring (1972).

@ Rank-SIS (Li et al., 2012a): non-parametric rank correlation.

@ dCor-SIS (Li et al., 2012b; Wang et al., 2017): a distance based correlation measure from
Szekely et al. (2007).

@ MCP-SIS (Mu and Xiong, 2014): A robust measure of association, namely the median of
component-wise products (MCPs).

@ BW-SIS (Mu and Xiong, 2014): The bivariate winsorized (BW) correlation estimator of Khan
et al. (2007).
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A Robust and Efficient Variable Screening Procedure

Standard linear regression model (LRM): y = X3 + ¢,

Marginal Regression Model

Given j-th covariate X;, we consider the j-th marginal model y; = ~; + 8;xj + €,
where the ¢;s are IID for i = 1, ..., n, each having distribution N(0, o2).

Minimum DPD Estimation for Marginal Regression (Ghosh and Basu, 2013)

M e M~ C1E
0/ = (’YJMQ’:BIMO(5 o_]Ma) = arg mem E Z la (yh’Yj S ,B]XIj’ U) °
i=1

where

1 1 14a _ab=n? 1
I = - e o2 —.
a(}’,ﬂ,a) 0_&(271_)&/2 < T o p + o

V.

Variable Screening using MDPDE (Ghosh and Thoresen, 2021)

@ Rank covaraites in terms of absolute value of the MDPDE of their marginal slopes, |,§]M‘1|.

@ As a | 0, the MDPDE coincides with the MLE, and we get the usual (non-robust) SIS.

@ At « > 0, we get a robust generalization of SIS that remains stable under data contamination.J
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The DPD-based Screening Procedure

Algorithm: DPD-SIS(a)

@ Input: n-vector of responses y; n x p matrix of (standardized) covariates X; model size d.

@ Foreachj=1,...,p, compute the marginal MDPDE Bj"”o‘ as
~M = 1
0,- = (7}7;\/’017 [—}IMOt’ ajMo‘) = arg mgin E Z ke (y/,’}/j + [‘3J'X,'/'7 a’) 5
i=1

@ Sort |BIM‘1| in decreasing order for j = 1,...,p. Set r,x = J, if |EJM°‘| has rank k, for each k.
@ Construct the estimated model set ﬂa(d) ={n,...,rq}, with indices corresponding to the
top d values of (absolute) marginal MDPDEs.

© Run a robust penalized regression model (low or moderate dimensional) with the covariates
selected in M (d) to obtain an estimated coefficient vector, say B4 = (840, Bar, » - - - ,Bd,d)T.

(We suggest to use the DPD based method with the same «, which also gives an estimate 52
of the overall model error variance ¢2.)

@ Output: The final estimated model M= {1 <k<d: Edfk =L 0} along with the parameter
estimates 3, (and the estimate 52 of o2, if available).
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Iterative DPD-SIS: The DPD-ISIS(«)

@ Input: n-vector of responses y; n x p matrix of (standardized) covariates X; model size d.

@ Seti=1, y(" = y and index set of available covariates as Wy = {1,...,p}

© DPD-SIS with model size d’:
@ Foreachj € W;, compute the marginal MDPDE EIM“ and order them (according to their absolute
value) to construct the estimated model set /\759 ={r,....ry}.

@ Run any suitable (fast) robust penalized regression model with the main response y and the covariates

selected in Uj_, M%) to get estimated coefficient vector 3" =BV ,Ej:’ o, EX’)T.
i

Denote A; = {ja : B/(al) #0,a= 1,...,k,-} C Wi
@ If a specified stopping criterion is satisfied, go to step 8. Otherwise go to Step 6.

@ Compute the residuals r') = y — X 4, a”

@ Set y'*") = ) and the index set of available covariates as Wi 1 = W; \ A..
Change i to i + 1 and go to Step 3.

@ Final Stage Model: Run a robust penalized regression model (low or moderate dimensional) with the
covariates selected in \A; to get estimated coefficient vector, say B, = (840, ﬂd,1 seeos Bar d)T.

© Output: The final estimated model M= {1 <k<d: Bd"k # 0} along with the parameter estimates
By (and the estimate 52 of 62, if available).
Q@ Stopping Criteria: |.A;| > d or A; = A;_4 or afixed number of iteration!
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The DPD-SIS for GLM

Generalized linear model (GLM): Given a covariate value X = x, the response variable Y has
density

f(v: x"B) = exp {y0 — b(6) + c(y)}, with E[Y|x]=0b'(6)=g " (x"P), @)

where b(-) and c(-) are known functions, g is a known monotone differentiable link function,
and the canonical parameter 6 is defined via the linear predictor n = x!3.

.

DPD Loss Function (Ghosh and Basu, 2016)

BjoBj

B" = (Ble, BY=) = arg mm—Z/ (vis Bo + BX3) »

where x; = (1, X1, ..., xp)" foreachi=1,...,n, and

la(y,0) = /f(s; 0)'*ds — (1 + i) f(y; 0)* + g

.

DPD-SIS for GLM (Ghosh et al., 2021)

J

@ Rank covaraites in terms of absolute value of the MDPDE of their marginal slopes, |B}Ma|.
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Theoretical Justification: Population-level Results

@ The population version (functional) of the marginal MDPDE ,@]Ma is given by
A" = (B, B'*) = arg min E [l (Y, 8o + £X)] -
0,5

@ Assume: Covariates are centered and standardized.
@ Define B, (v(x)) = b’(xT,EJO) — E[va(Y, v(x))|X = x], where ¢ (y,0) = %la(y, 0).

Theorem (Ghosh et al., 2021)

Foragivena > 0, and forany j=1,...,p, the marginal MDPDE functional Bj"”a = 0 ifand only if

Con(t! (X By), X;) = Con( Y, X)) = 0.

Theorem (Ghosh et al., 2021)

Given any a > 0, along with the assumptions of the above theorem on B (-), let us additionally
assume that either B, (-) is bounded or Ga(|X|) = supy<|x| |Ba(u)]| satisfies

E[G(alX;)IXi| (1 Xj] = n")] < dn™",

for all j € Mg and constants a,d > 0, n € (0, s). If there exists a constant ¢; > 0 such that
Cov(t/ (X7 Bg), Xj)| > c1n=* for all j € Mo, then we have minjc r, [BM*| > can=* for c; > 0.
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Sure Screening Property of the DPD-SIS

Theorem (Exponential Consistency of Marginal MDPDEs)

Suppose that (A1)—(A5) hold for a given o« > 0. Then, forany t > 0,

2t2

16K() 7
(1+t))§e K& nmye=™% . j=1....p, (8)

P (ﬁ|§}‘”“ - gl'|>

where k, = kK§ = (1 + o) ['"0 K2Lo, + B/ (KnB + B)|Lo + €0 (KnB + B)].

.

Theorem (Ghosh et al., 2021)

Let Assumptions (A1)—(A5) hold for a given o > 0 and (’;( oy 2 — 00 asn — oo.

(a) For any given c; > 0, there exists C > 0 such that

_ n1—2rcc
P( max |BM* — | > om"‘) <PRr,  Rn= {e (nkn) 4 nmye~m0Kn

1<j<p

(b) Under the additional assumptions ensuring the population-level results, then taking v, = can™—" with
¢y < ¢2/2, we have

P (M(va) > Mo) > 1 = shn.
(c) If additionally Assumptions (A6)—(A7) hold, taking v» = c4n~2%, ¢y > 0, we get

P (1M < O(F" Amsx(E)) ) 2 1 = PP
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* Required Assumptions

(A1) The GLM is such that f is bounded (say, by L, > 0) and the function b’’(-) is continuous and positive.
Also, |£4(-)| is non-decreasing.

(A2) Forall ﬁj € B, there exists some constant V > 0 such that Apn [J,;a(ﬁj)] > V uniformly over

j=1....p
(A3) K/,a(ﬁ}"’") is finite and positive definite for each j = 1, ..., p. Also, the norm
1K a(B)lls = sup  ||Kj(B;)"/?ull is bounded from above for each .
BjEB,||ul|=1

(A4) There exist an e; > 0 and a large constant K, > 0, such that

1 i
sup E [18.(X]8)I11X)1121(1%] > K»)] < o (E> . forallj=1,2,....p.
BjeB:||8; =B || <cq

(A5) The distribution of the covariate X; is such that, for sufficiently large t > 0 and some positive constants
mg, my, mp, mg and 7, we have P(|X;| > t) = (my — mg)e""o'T Jforj=1,2,...,p,and

E [exp (b(X By + ms) = b(X"Bo) ) | + E [exp (b(X By — ms) = b(X o)) | < me.

(A6) Var(XT3,) is bounded both from below and above by finite positive constants.
0

(A7) Either b/ (-) is bounded or X = (X, ..., Xp)" follows an elliptically contoured distribution with variance ¥
and |E [b'(XTBo)(XT By — Boo)| ‘ is bounded.
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Robust Conditional Variable Screening

Conditional DPD-SIS
@ It may be known before hand that a few variables are important, say X¢ = (X, ..., Xg).
@ In presence of variables in X, we need to screen from remaining Xp = (Xg41, - - -, Xp)

@ For a given « > 0, we may choose the variables from Xp based on the marginal MDPDEs:

~Ma ~Ma = .
Bej = <5c/‘1 »,3,'Ma) = el il
B

n
,172/0‘ (yf’XiEﬂC'i‘ﬁinj)v j=q+1,...,p.
i=1

@ Given a pre-defined threshold ~,, we select I\A/ia(wn|D) = {q +1<j<p: ‘E]M“‘ > ’Yn}-

Theorem (Ghosh et al., 2021)

For a given o > 0 and any j € D, the (conditional) marginal MDPDE functional ,BJMD‘ =0 ifand
only if Cov (Y, Xj|Xc) :== E [(Y — EL[Y|Xc]) (X; — EL[Xj|Xc])] = O.

.

Theorem (Ghosh et al., 2021)

Given any o > 0, suppose that E [ma,,-X]?] < ¢ uniformly in j € D, for some constant c.. If there
exist constants ¢, > 0,k < —1/2 such that |CovL(Y,X,-|Xc)| > cyn—* forallj € Myp, then we
have min |BMa| > c3n—*, for another constant c; > 0.

jeMop

.
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Sure Screening Property of Conditional DPD-SIS

Theorem (Ghosh et al., 2021)
Suppose that, for a given a > 0, Assumptions (A1)—(A5) hold with B; and BMO‘ replaced by

Bej € € RI+" and ,BC il respectively, in (A2)—(A4). Also, let L——— — oo as n — oo.

(kn )
(a) For any given cs > 0, there exists C > 0 such that

_ nl—2k¢
P BMe — M| > csn™" ) < dRn,  Rn=|e Gak0? + pmye=MoKn
aiS)<p b= -

(b) If additionally the assumptions of previous theorem hold, then taking vn = c4n—" with
¢y < /2, we have

P (/\7(7”) S Mo) >1— sAn.

(c) If additionally Assumptions (A6)—(A8) hold, taking vn = can—2%, c4 > 0, we get

P (IX(yn)l < O (" Amax (Epjc +227))) > 1 = dFn.
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Empirical lllustration: DPD-SIS in Linear Regression
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Figure: Box-Plots of the true-positives (TP) obtained by different SIS approaches with target model size d = n — 1 for independent
covariates (Set 1) and AR correlated covariates (Set 2) with n = 100 and moderate signal strength under contamination in data.
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Empirical lllustration: DPD-SIS in Logistic Regression
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(d) Independent Covariates (p = 0), Strong (e) Independent Covariates, Weaker Signal (f) Dependent Covariates (p = 0.3), Strong
Signal (non-zero values of 3 are all 5) Bos =(1,2,8,1,5) Signal (non-zero values of 3, are all 5)

Figure: The box-plots of true-positives selected by the DPD-SIS at different « for different simulation set-ups with pure data (left
panel) and 10% contaminated data (right panel). Here non-zero coefficients of 3 are in positions 1 (intercept), 2, 6, 26 and 126.
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o Robust Adaptive Procedures
e Robust Variable Screening
@ Stability of the Set of Selected Variables

o Conclusion



Stability Selection

In real-life application with high-dimensional data, a set of variable often gets highly affected by
sampling fluctuation and leads to false positives (and negatives)! J

Stability Selection (Meinshausen and Buhlmann, 2010)

@ To remove sampling fluctuation from the results and control false discovery!

@ Basic idea: Repeat the same penalized estimation method on several random subsamples of
size [n/2] from the given data

@ Measure the selection stability of each variable by looking at the proportion of its selection
among all replications!

@ Choose the variables with higher proportion of selection stability, say greater than ~.

y.
This procedure guarantees an upper bound on the expected number (V) of falsely selected
variables! ~
1 EfsI
EVMY< ————=, for 0.5,1).
V< g—g=p forve©5.1) )
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Stability Selection: An Improved version

Complementary pairs stability selection (Shah and Samworth, 2013)

@ Take a random subsample A of size [n/2] from the given data and consider another
complementary sample as A, = {1,2,...,n} \ A.

@ Apply the chosen penalized estimation procedure on both the subsamples .4, and Ay and let
the selected set of variables are Sk and Sk,, respectively.

@ Repeat the process for k = 1, ..., B (large number) by randomly choosing a different A,
each time.

@ For j-th variable, compute its Stability Percentage

B
1 X = i =
SP= 5= }k:; {/(, €S +1je skg)} x 100%.

@ Finally select the variables having SP > ~, a pre-specified threshold.

V.

@ Improved bound on the the expected number of false discovery under weaker assumptions!

@ Additional bound on the number of important variables excluded.

@ These bounds can be significantly sharpened under mild shape restrictions (e.g. unimodality
or r-concavity) on the distribution of the stability proportion. )
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0 Robust Adaptive Procedures
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e Stability of the Set of Selected Variables

@ conclusion



Summary

@ We discussed robust adaptive procedures with more details for the Adaptive DPD-LASSO

@ We discussed SIS for variable screening with extremely high-dimensional real-life data and
discussed its robust extensions using robust MDPDE based approach.

@ The DPD-SIS has been explored in GLM and its sure screening property is discussed, along
with the conditional version of DPD-SIS

@ We have discussed why it is important to perform Stability Selection in any real-life
high-dimensional data analysis

@ Numerical illustrations are provided for comparison of different adaptove procedures with
DPD and different robust variable screening procedures.
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Useful R-packages for Robust High-dimensional Data Analysis

Package Description

robustHD RLARS and sLTS for LRM.

enetLTS sLTS and enetLTS for LRM and logistic regression.

pense Penalized S-estimator for LRM with /; and elastic-net penalties.

flare LASSO, LAD-LASSO, Dantzig Selector and LASSO with /4 loss for LRM.
gamreg Minimum penalized LDPD estimator with /; penalty.

awDPDlasso!  AW-DPD-LASSO for linear and logistic regression models.

SIS Sure Independence Screening and iterative Sure Independence Screening.
dpds1s? DPD based robust Sure Independence Screening.

stabs Stability selection with any robust or non-robust procedure.

" https://github.com/MariaJaenada/awDPDlasso
2 https:/github.com/abhianik/dpdSIS
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THANK YOU!

Contact me at:
abhik.ghosh@isical.ac.in
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